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Abstract. We consider the portfolio choice problem for a long-run investor in a general continuous 
semimartingale model. We suggest to use path-wise growth optimality as the decision criterion and 
encode preferences through restrictions on the class of admissible wealth processes. Specifically, 
the investor is only interested in strategies which satisfy a given linear drawdown constraint. The 
paper introduces the numeraire property through the notion of expected relative return and shows 
that drawdown-constrained strategies with the numeraire property exist and are unique, but may 
depend on the financial planning horizon. However, when sampled at the times of its maximum and 
asymptotically as the time-horizon becomes distant, the drawdown-constrained numeraire portfolio 
is given explicitly through a model-independent transformation of the unconstrained numeraire 
portfolio. Further, it is established that the asymptotically growth-optimal strategy is obtained as 
limit of numeraire strategies on finite horizons. 



Introduction 

Discussion. The debate whether an investor with a long financial planning horizon should use 
the growth-optimal str ategy, as postu^ 
selection literature, see 



MacLean et al 



a ted b y iKellvl (jl956l ). is among the oldest in the portfolio 
(120 111 ). In particular, opposite sides were assumed by two 
among the most prominent scholars in the fiel d: while Paul Sain uelson fiercely criticised the use 
of Kelly's strategy, including the famous refute Isamuelson ( 1979) in words of o ne-syllable, Harry 
Markowitz argued for it already in his 1959 book, see also Markowitz (j2006 ). The arguments 
in favour of Kelly's investment strategy rely on the fact that asymptotic growth should be of 
prime interest for long-run investment. More recently, this line of ar gument has seen a revive d 
interest in particular through the so-called benchmark approach, see iPlaten and HeathI (j2006l ). 
The arguments against it point to the fact that the growth-rate maximisation does not take into 
account investor's risk appetite and is too simplistic. Samuelson, as well as many others including 
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seminal works of 



MertonI (jl97l|), looked instead at maximising expected utility. While Kelly's 



strategy itself falls into this category, with the utility function being the logarithmic one, choices 
of other utility functions result in criteria that can accommodate different risk pref erence profiles. 



Exp ecte d utility i naxiin isation (EUM), with its axiomatic foundation going back to lvon Neumann and Morgenste 



ilMTI) and 



Savagd (|1954| ). is probably the most successful and widely studied framework for nor- 



mative decisions under uncertainty. However, although quite flexible, this line of reasoning is 
vulnerable to critique as it involves several often arbitrary choices. For example, it is hard to jus- 
tify why the investors should think in terms of, and be able to spe cify, their utility functions. Utilit y 
elucidation methods systematically yield different results, se e e.g. iHershev and Schoemakerl (119851 ). 
and answers incompatible with the EUM paradigm, see e.g. iKahneman and Tverskvl (1197911. This 
l ed to many ran iifications, inc l uding the behavioural portfolio selection of IKahneman and Tverskv 
(jl979l ). see also I Jin and Zhoul (j2008l ). Further, optimal investment decisions of investors maximis- 
ing their expected utility typically depend on the choice of time-horizon, which is a rather arbitrary 
input, particularly so for a long-run investor Finally, the resulting optimal investment strategies 
entangle in a rather complex way the choice of the model for the dynamics of the risky assets 
and the choice of the investors' preferences (utility function). Att empts to account for Kniqhtia n 
uncertainty resulted in a "robust" version o f the EUM, see e.g. iGilboa and Schmeidlerl (|l989l ). 



Maccheroni et al 



(120061 ). lJu and Miad (120121 ). 
In this work, we explore a potential way to bridge the two opposing sides and obtain a decision 
mechanism which is based on the appealingly simple Kelly principle of dominating any other 
investment in the long run while at the same time incorporating a flexible specification of risk 
preferences. Furthermore, the resulting optimal strategies effectively disentangle the effects of 
model and preferences choices. Instead of specifying the risk attitudes through a utility function, 
we propose to encode them as a restriction on the universe of acceptable investment strategies (or, 
equivalently, acceptable wealth evolutions). More specifically, we impose a drawdown constraint 
and only consider portfolios which never fall below a given fraction a of their past maximum|§ Such 
interpretation of "attitude towards risk" is in fact commonly utilised in practical we effectively 
equip the investor with a stop-loss safety trigger to avoid large drawdowns. The constraint implies 
that even the most adverse market crash may not reduce wealth by more than 100(1 — a)%. 



jTbr an attempt to circumvent the horizon-dependence, see recent developments in iMusiela and Zariphopoulou 



( 20091 ). 

^If {Xt) is the investor's wealth process, expressed in units of some baseline asset, then we require Xt > 
asup„g[Q (] Xu for all t up to the considered, possibly random or infinite, time horizon T. 

^Performance measu r es inv olving drawdowns include e.R. C almar ratio, Sterling ratio and Burke ratio, see 



Eling and Schuhmacheri (|2007l ) and Chapter 4 of iBaconI (|2008f ). For a further discussion on their practical use 



LhabitantI (|2004f ) . Drawdowns are often reported, e.g. the Commodity Futures Trading Commission's mandatory 



disclosure regime stipulates that managed futures advisers report their "worst peak-to- valley drawdown." 
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Using drawdown constraints to encode risk attitudes is not only practically motivated but has 
also sound theoretical basis. The parameter a S [0, 1) allows for flexible specification of risk 
preferences and encapsulates t he risk aversion. Dr a wdow n constra ints were first considered in a 
continuous-time frame work bv Icrossmaii and Zhou ( 1993 ). then by Cvitanic and Karatzas (1994) 



and more recently by IChernv and Obloi 



2011 



These contributions focused on maximising the 
growth rate of expected utility and show that imposing dr awdown constraints is ess entially equiv- 

consider two 



alent to changing investor's risk aversion. More precisely, IChernv and Obloi 



( 20111 



investors in a general semimartingale model: one endowed with a power (HARA) utility with risk 
aversion 7 and facing an a-drawdown constraint and another with risk aversion (7 + a(l — 7)) 
and no constraints. They prove that the two are equivalent in the sense that they both achieve 
the same asymptotic growth rate of expected utility, and that their optimal portfolios are related 
through an explicit model-independent transformation. 

Having encoded preferences through a drawdown constraint, we consi der decision making based 
on optimality expressed through the numeraire property in the spirit of iLond (jl99d ). We require 
that expected relative returns of any other non-negative investment with respect to the optimal 
portfolio over the same time-period are non-positive. In fact, this cho ice of optiniality arises in 
an axiomatic way from numerair^invariant preferences, as set forth in Kardaras (2010J). In the 
unconstrained case, the global numeraire portfolio A" is a wealth process which has the property 
that all other investments, denominated in units of X, are supermartingales. It is well known that 



X also maximises the asymptot ic long-term grow t h-rate and is exactly t 



Bansal and Lehmann 



r e inve stment correspond- 
(j 19971 ) and the references 



ing to Kelly's criterion, see e.g. iHakanssonl (jl97ll ): 
therein. Some recent contrib utions explored the nuraeraire property under a constrained invest- 
ment universe. In particular, iKaratzas and KardarasI (j2007l ) showed that with point-wise convex 
constraints on the proportions invested in each asset, one can retrieve existence and all useful 
properties of the numeraire portfolio. We contribute to this direction of research by providing a 
detailed analysis of the numeraire property within the class of investments which satisfy a given 
linear drawdown constraint, where wealth can never fall below a fraction a of its running maximum. 

Our first main result establishes existence of unique portfolios with the numeraire property 
over different time- horizons under drawdown-constrained investment. However, in contrast to the 
unconstrained case, the optimal strategies may depend on the time horizon and are no longer 
myopic. Our results are valid in a general continuous-path semimartingale set-up. We also discuss 
detailed structural asymptotic properties of the optimal strategies, including a version of the so- 
called turnpike theorem. 

Our second main result considers a long-run investor. Given the investor's acceptable level of 
drawdown a, we show that there is a unique choice of investment strategy which almost surely 



Here in the sense of a numeraire, e.g. currency. 
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asymptotically outperforms any other strategy which satisfies the a-drawdown constraint. In 
this way, we succeed in using the Kelly criterion while allowing for a flexible specification of risk 
attitudes. The optimal strategy is given explicitly in two manners. First, we obtain a version of the 
mutual fund theorem: the optimal strategy is a dynamic version of the so-called fractional Kelly 
strategy. It invests a fraction of wealth, which depends on the current level of drawdown, in the fund 
represented by X and the remaining fraction in the baseline asset. Second, the optimal strategy is 
given as a pathwise and model- independent transformation of the unconstrained numeraire strategy 
X. As a result, it disentangles the effects of model specification and preferences specification. The 
former yields the Kelly strategy X. The latter specifies the transformation which is applied to 
X to control the risk by avoiding drawdowns beyond a certain magnitude. In this way, long-run 
investment decisions are decomposed in two separate steps. The modelling effort is reduced to 
constructing the global numeraire portfolio X, or the best approximation thereof. Preferences 
elucidation is reduced to determining the acceptable level of drawdown parameter a G [0, 1). 

An important tool in our study is the so-called Azema-Yor transformation, a result in stochas- 
tic analysis which allows to build an explicit, model-independent, bijection between all wealth 
processes and wealth processes satisfying a drawdown cons t raint. This transfo rmation was estab- 
l ished in a general semimartingale set-up in ICarraro et al.l (j2012l ) and used by IChernv and Oblo] 



( 201lh in a utility maximisa tion setting. However, a special case of it was already used in 



Cvitanic and Karatzad (jl994l ). We show here that the Azema-Yor transform "X of X has the 



numeraire property within the class of portfolios satisfying the a-drawdown constraint, both in an 
asymptotic sense and when sampled at times of its maximum. However, the optimal strategies 
may depend on the time horizon; in particular, it is not true that all other drawdown-constrained 
wealths are s uperinarting ale s in units on "X, a feature often used previously to define the numeraire 



property, see iLongi (jl99d ) or lPlaten and HeathI (j2006l ). Finally, we show that "X is the only wealth 
process which enjoys the numeraire property along some increasing sequence of stopping times 
that tends to infinity. Further, portfolios enjoying the numeraire property for investment with long 
time-horizons are close (in a very strong sense) to "X at initial times. The optimal portfolio "^X, as 
mentioned above, can be explicitly produced by investing at each time a fraction of current wealth 
in the fund represented by X and the remaining fraction in the baseline asset. When the domestic 
savings account is taken as the baseline asset, X and °^X have the same instantaneous Sharpe ratio. 
Both portfolios are located at the Markowitz efficient frontier. However "X trades off long-term 
growth for a path-wise capital guarantee in the form of a drawdown constraint, something X, or 
solutions to expected utility maximisation in general, can not offer. 

We stress the fact that the results presented here do not follow from previous literature because 
of the generality of our setup and the complex nature of the drawdown constraints. In fact, novel 
characteristics appear in this setting. For example, portfolios with the numeraire property are no 
longer myopic, and depend on the financial planning horizon. Interestingly, it is one of our main 
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points that in an asymptotic sense the myopic structure is reinstated. Furthermore, we emphasise 
that the findings of this paper are essentially model-independent and, therefore, rather robust. 
Finally, we wish to draw some attention to the underlying philosophy relative to the practical 
perspective. A long-run investor will only witness a single realisation of the market dynamics. 
Therefore, path-wise outperformance is a very appealing decision criterion. We show that it is 
possible to combine it with risk preferences, and that this is best done not by complicating the 
investor's decision criteria, but rather by restricting the universe of acceptable trajectories of wealth 
evolution. 

As already outlined above, drawdown constraints have features appealing to various participants 
in financial markets and are, thus, often encountered in practice, in either explicit or implicit man- 
ner. For an investor in a fund, past performance often serves as a benchmark. A large drawdown — 
the relative difference between the past maximum and the current value — would indicate and be 
perceived as a worsening of performance and even a loss. Accordingly, it may be used as a stop-loss 
trigger. This, in turn, would usually lead to a flight of capital from the fund, a threatening situa- 
tion that should be avoided from a managerial perspective. Note that drawdown constraints may 
also result implicitly froi n the structure of hedge fu nd manager's incentives through the high-water 
mark provision — see e.g. iGuasoni and Qbloil (j201lh . 

Despite their practical importance, there are relatively few theoretical studies on portfolio se- 
lection with drawdown constraints. The main obstacle is the inherent difficulty associated with 
such non-myopic constraint: it involves the running maximum process and, therefore, depends on 
the whole history of the p roces s. Apart from the contributions mentioned above, we note that 



Magdon- Ismail and Atival (120041) derived results linking the maximum drawdown to average re- 



turns. In 



Chekhlov et al 



(|2005l ). the problem of maximising expected return subject to a risk 
constraint expressed in terms of the drawdown was considered and solved numerically in a simple 
discrete time setting. Finally, in continuous-time models, drawdown constraints w ere a. l so rec ently 
incorporated into pro blems of maximising expected utility from consumption — see lElid (|2008l ) and 



Elie and Touzil (|2008). Op ti ons o n drawdowns were also explored as instruments to hedge against 



Vecerl (|2006l ). Further, the m aximisation of grow t h sub ject to constraints 



portfolio losses, see 

arising from alternative risk measures is discussed in iPirvu and Zitkovid ((20091) . 



Structure of the paper. Section [T] contains a description of the financial market and introduces 
drawdown-constrained investments. In Section [21 the numeraire property of drawdown-constrained 
investments is explored. Main results are Theorem 12.41 establishing existence and uniqueness of 
portfolios with the numeraire property for finite time- horizons, and Theorem 12.81 which explicitly 
describes an investment that has the numeraire property at special stopping times where it achieves 
its maximum — in particular, this includes its asymptotic numeraire property. More asymptotic 
optimality properties of the aforementioned investment are explored in Section [3l More precisely. 
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its asymptotic (or long-run) growth-optimality is taken up in Theorem 13. 11 and an important result 
in the spirit of turnpike theorems is given in Theorem 13.61 All the proofs are collected in Appendix 
[A1 Finally, in Appendix [B] we present an example in order to shed more light on the conclusion of 
the turnpike-type Theorem! 



1. Market and Drawdown Constraints 

1.1. Financial market. We consider a very general frictionless financial market model with the 
assumption of continuous price processes. Specifically, on a stochastic basis (ri, J-", F, P), where 
F = {J-'t)teM.+ is a filtration satisfying the usual hypotheses of right-continuity and saturation by 
P-null sets of T, let S = (S^, . . . , 5"^) be a d - dimen sional semimartingale with a.s. continuous 



paths — see, for example, iKaratzas and Shrevd (jl99lh . Each 5*, i G {1, . . . is modelling the 



random movement of an asset price in the market, discounted by a baseline asset. It is customary 
to assume that the baseline asset is the (domestic) savings account, but it does not necessarily 
have to be so. 

Define X to be the class of all nonnegative processes X of the form 
(1.1) X = l + J^{Ht,dSt)^l + l^ 

where H = {H^,...,H'^) is a d-dimensional predictable and S'-integrabl^ process. Throughout 
the paper, (•, •) is used to (sometimes, formally) denote the inner product in R"^. The process X 
of (jl.ip represents the outcome of trading according to the investment strategy H, denominated 
in units of the baseline asset. In the sequel we are interested in ratios of portfolios; therefore, the 
initial value Xq plays no role as long as it is the same for all investment strategies. For convenience 
we assume Xq = 1 holds for all X € X. 

In the following, we characterise in a precise manner the rich world of models that we permit for 
our market. These include most continuous-path models that h a ve be en studied in the literature. 



Essential is the existence of the numeraire portfolio — see iLona (jl99d ). However, existence of an 
equivalent risk-neutral probability measure is not requested; therefore, certain forms of classical 
arbitrage are permitted. 

Definition 1.1. We shall say that there are opportunities for arbitrage of the first kind if there 
exist T € M+ and an J^-measurable random variable such that: 

• F[C > 0] = 1 and ¥[(, > 0] > 0; 

• for all x > there exists X X, which may depend on x, with P[2;Xq" > ^] = 1. 



^All integrals are understood in the sense of vector stochastic integration. This somewhat mathematical restriction 
has proved essential in order to formulate elegant versions of the Fundamental Theorem of Asset Pricing, as well as 
to ensure that optimal wealth processes exist — for example, it is crucial for the validity of Theorems 11.31 and lA.ll 
which are used extensively throughout the paper. 
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The following mild and natural assumption is key to the development of the paper. 

Assumption 1.2. In the market described above, the following hold: 
(Al) There is no opportunity for arbitrage of the first kind. 
(A2) There exists X e X such that F [hmt^oo At = oo] = 1. 

Condition (Al) in Assumption 11.21 is a minimal market viability assumption. On the other 
hand, condition (A2) asks for sufficient market growth in the long run. They are equivalent to the 
existence and growth condition of the numeraire portfolio. 

Theorem 1.3. Condition (Al) of Assumption [T7B is equivalent to: 

(Bl) There exists X £ X such that X/X is a (nonnegative) local martingale for all X € X. 
Under the validity of (Al) or (Bl), condition (A2) of Assumption UT^ is equivalent to: 

(B2) P[limt^ooAt = oo] = 1. 

Remark 1.4. The equivalence of (Al) and (Bl) was first discussed in Lone (199C). If the process X 
in (Bl) exists, then it is unique and is said to have the numeraire property. It is well known that it 
solves the log-utility maximisation problem on any finite time horizon, and that it achieves optimal 
asymptotic (or long-term) growth. We shall revisit these properties in a more general setting — see 
Remark 12.51 and Theorem 13.11 

The proof of Theorem 11.31 is given in Subsection lA. II of Appendix |Al In fact, it is a special case 
of a more general Theorem I A . 1 1 therein which contains several useful equivalent conditions to the 
ones presented in Assumption 11.21 

1.2. Drawdown constraints. To each wealth process A S A", we associate its running maximum 
process X* defined via X^ := sup„g[Q A„ for t G M+. The difference X* — X between the 
current wealth and its running maximum is called the drawdown process. As we argued in the 
introduction, different participants in financial markets may be interested to restrict the universe 
of their strategies to the ones which do not permit for drawdowns beyond a fixed fraction of the 
wealth's running maximum. 

For any a G [0, 1), we write "X for the class of wealth processes X X such that X^ — Xt < 
(1 — a)Xi , for all t > 0. The [0, l]-valued process X/X* is called the relative drawdown process 
associated to X. Note that A € if and only if X/X* > a holds identically. It is clear that 
^Af C "A' for < a < /? < 1, and that = X. Note that ii X e X satisfies X > aX* on the 
interval [0, T] (here, T can be any stopping time), then {XTAt)teR+ G "X; therefore, it is appropriate 
to use °'X as the set of wealth processes regardless of the investment horizon. 

Interestingly, there is a one-to-one correspondence between wealth processes in X and wealth pro- 
cesses in '^X for a ny a € [0, 1). The bii ection was derived explicitly in terms of th e so-called Azema- 



Yor processes in ICarraro et al.l (|2012l ). Theorem 3.4, and recently exploited in IChernv and Obloj 
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(|201lh . in a general setting of possibly non-linear drawdown constraints. This elegant machinery 
simplifies greatly in the case of "linear" drawdown con straints considered here , and we provide 
explicit arguments, similarly to the pioneering work of ICvitanic and Karatzad (119941 ) . We first 
discuss how processes in X generate processes in "'X — the converse will be established in the proof 
of Proposition 11.51 in the Appendix. For X G X and a S [0, 1), define a process "X visj^ 

(1.2) "X := a(X*)^-° + (1 - a)X{X*y. 

Using the fact that I^Xt<x*}^-^t ~ ^ ^-^^ holds, an application of Ito's formula gives 

(1.3) "X = l+ / (l-a)(X;)-"dXt, 

Jo 

which imphes that "'X G X. Furthermore, (fOj) gives a{X*y^" < "'X < (X*)i~". Note also that 
times of maximum of X coincide with times of maximum of "X and consequently "X* = (X*)^~". 
It follows that 



X a{X*y~'^ + {l-a)X{X*] 



a + {l- a}— > a, 



(1.4) 

implying € "A'. 

The converse construction is presented in Proposition 11.51 below, the proof of which is given in 
Subsection IA.2I of Appendix S Together with (jl.2p they provide an extremely convenient repre- 
sentation of the class "'X for a G [0, 1), which we use extensively throughout the paper. 



Proposition 1.5 (Proposition 2.2 of 



Carraro et al 



(12013)). It holds that ""X = {""X \ X e X} . 



Remark 1.6. One can rewrite equation (jl.3p in differential terms as 



d^Xt 
"Xt 



(1 - a) (X; )-"Xt\ dXt "Xt - a"Xt dXt 



"Xt 



Xt 



"Xt 



Xt 



for t < inf{n G | X^ = 0} = infju G R4. | "Xu — Oi"X* = 0}. The above equation carries an 
important message: for X G X, the way that "X is built is via investing a proportion 



vr 



"X - a"X* 



1 



a 



{l-a){X/X*) 



"X ' a + {1 - a){X/X*) 

in the fund represented by X, and the remaining proportion 1 — "tt^ in the baseline asset. In 
particular, when the baseline asset is the domestic savings account, it follows that the Sharpe 
ratios of X and "X are the same. Note that < "tt^ < 1 — a (so that a < 1 — "n^ < 1). 
Furthermore, "tt^ depends only on a G [0, 1) and the relative drawdown X/X* of X. In fact, the 
proportion °ir^ invested in the underlying fund represented by X is an increasing function of the 
relative drawdown X/X*. 



Carraro et al 



( 20121 ). we have °X = (X) with : R+ R+ 
Furthermore, Proposition 2.2 therein imphes that X — M^" {°'X) with Ga 



In the notation of 

for X £ I 

construction is presented exphcitly in Proposition 11.51 



defined via Fa{x) = x " 
= FZ^. This last converse 
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Recall the numeraire portfolio process X in (Bl) in T heorem 11.31 When the ab ove discussion is 



3, 



20061. Theorem 11.1.3 



applied to ^X, defined from X via (jl.2p . it follows from (jPlaten and Heathl . 
and Corollary 11.1.4) that "X is a locally optimal portfolio, in the sense that it locally maximises 
the excess return over all investments with the same volatility. In view of ( |App.2[ ) in Appendix IXj 
the wealth process X is given explicitly in terms of the drift and quadratic covariation process of 
the multi-dimensional asset-price process. It follows that '^X for a G [0, 1) is explicitly specified as 
well. 

Even though the numeraire portfolio X has optimal growth in an asymptotic sense (in this 
respect, see also Theorem 13.11 later in the text), it is a quite risky investment. In fact, it experiences 
arbitrarily large flights of capital, as its relative drawdown process X / X* will become arbitrarily 
close to zero infinitely often. This is in fact equivalent to the following, seemingly more general 
statement, showing an oscillatory behavior of the relative drawdown for all wealth processes "X, 
a e [0,1). 

Proposition 1.7. Under Assumption \1.2l it holds that 

(°Xt \ ( ^Xt \ 

< limsup = 1, a.s. Va G [0, 1). 

°x; J t^oo \°x; J 

The proof of Proposition 11.71 is given in Subsection IA.3I of Appendix lAl 

2. The Numeraire Property 

2.1. Expected relative return. Fix a stopping time T and X,X' G X, and define the return of 
X relative to X' over the period [0, T] via 



nT{X\X') := limsup '''' = limsup - 1. 

(The convention 0/0 = 1 is used throughout.) In other words, 'crT{X\X') = {Xt — X!j.)/X'j. holds 
on the event {T < oo}, while nT{X\X') = limsupj_^o^ {{Xt - X^/Xj.) = noo{X\X') holds on the 
event {T = oo}. The above definition conveniently covers both cases. Observe that nT{X\X') is a 
[— 1, oo]-valued random variable. Therefore, for any stopping time T and X,X' G X, the quantity 

EnT{X\X') := E [nT{X\X')] 

is well defined and [—1, cxoj-valued. EnT{X\X') represents the expected return of X relative to X' 
over the time-period [0,T]. 

The concept of expected relative returns is introduced for purposes of portfolio selection. A 
first idea that comes to mind is to proclaim that X' £ X is "strictly better" than X £ X for 
investment over the period [0, T] if Errj'(X'|X) > 0. However, this is not an appropriate notion: 
it is easy to construct examples where both KrrT{X'\X) > and ErrT{X\X') > hold. The 
reason is that, in general, rrT{X\X') / —rrT{X'\X). In fact. Proposition 12.31 below implies that 
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nT{X\X') > —rrT{X'\X), with equality holding only on the event {limt^oo{XTAt/ X^^^) = 1}. 
A more appropriate definition would call X' € <Y "strictly better" than X X for investment 
over the period [0, T] if both KnriX'lX) > and EnT{X\X') < hold. In fact, because of the 
inequality rrT{X\X') > -rrr(X'|X), KnT{X\X') < is enough to imply KnT{X'\X) > 0, and one 
has ErrT{X'\X) > in the case where P [linit^^oo [XrAt/X^^^) = 1] < 1. 

The discussion of the previous paragraph can be summarised as follows: while positive expected 
returns of X € <Y with respect to X' X do not imply that X is a better investment than 
X' , we may regard non-positive expected returns X X with respect to X' & X to indicate 
that X' is a better investment than X. Given the use of "lim sup" in the equality r\rT{X\X') = 
limsupj_j,oQ {{Xt — X[)/X[)^ valid on {T = oo}, it seems particularly justified to regard X' as better 
than X when Erroo(X|X') < holds, at least in an asymptotic sense. We are led to the following 
concept. 

Definition 2.1. We say that X' has the numeraire property in a certain class of wealth processes 
for investment over the period [0,r] if and only if Errx(X|X') < holds for all other X in the 
same class. 



Remark 2.2. Th e abo v e defi nition is close in spirit to the numeraire in iLongl (|l99Cll ). However 
following closely Long ( 199ol ) and the results pertaining to the non-constrained case, one may be 



tempted to define the numeraire portfolio in a certain class of wealth processes by postulating that 
all other wealth processes in this class are supermartingales in units of the numeraire. However, in 
the context of drawdown constraints this would be a void concept as portfolios with the numeraire 
property may depend on the planning horizon — see Example 12. 6i 

The next result contains some useful properties of (expected) relative returns. In particular, it 
implies that the terminal value of an investment with the numeraire property within a certain class 
of processes for investment over a specified period of time is essentially unique. 

Proposition 2.3. For any stopping time T , any X ^ X and any X' € X , it holds that 
with equality on {T < oo}. Furthermore, the following equivalence is valid: 



EnriX'lX) < and EnTiX\X') < 



lim 1 = 1 



1. 



The proof is reported in Subsection [A3] in the Appendix[Al It follows from the above Proposition 
that if EnT{X\X') < and EnT{X'\X) < both hold, then Xt = X^ a.s. on {T < oo}, while 
limt-^oo{Xt/X[) = 1 a.s. on {T = oo}, the latter being a version of "asymptotic equivalence" 
between X and X' . 
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The next result establishes existence of a process with the numeraire property in the class "Af 
sampled at T for all a € [0, 1) and finite time-horizon T, and shows that such process is uniquely 
defined on the stochastic interval [0, T] = {{u, i) € ^2 x IR_(. j < t < T{uj)}. (Note that the latter 
uniqueness property is stronger than plain uniqueness of the terminal value of processes with the 
numeraire property that is guaranteed by Proposition 12.31 ) Theorem 12.81 later will address the 
possibility of an infinite time-horizon. 

Theorem 2.4. Let T be a stopping time with ¥[T < oo] = 1. Under condition (Al) of Assumption 
\1.SX there exists X € '^X , which may depend on T , such that Err7'(X|X) < holds for all X € '^X . 
Furthermore, X has the following uniqueness property: for any other process Z ^ °^X such that 
ErrT(X|Z) < holds for all X (^'^X, X = Z a.s. holds on [0,r]. 

The proof of Theorem 12.41 is given at Subsection IA.5I of Appendix |Al 

Remark 2.5. In the notation of Theorem 12.41 the log-utility maximisation problem at time T is 
solved by the wealth process "X. Indeed, the inequality log(x) < x — 1, valid for all x S M+, gives 

.Xt)\ 

for all X ^^X . This is a version of relative expected log-optimality, which turns to actual expected 
log-o ptimality as soon as the e xpect ed log-maximisation problem is well-posed — in this respect, see 



E 



log ( 



1 

Xi" 



ErrT(A:|X) < 0, 



also (jKaratzas and Kardarad . 120071 . Subsection 3.7). 

In view of Theorem 12.41 the above discussion ensures existence and uniqueness of expected 
log-utility optimal wealth processes for finite time-horizons in a drawdown-constrained investment 
framework. To the best of the authors' knowledge, results regarding existence and uniqueness of 
optimal processes for utility maximisation problems involving finite time-horizon and drawdown 
constraints are absent from the literature. 

2.2. The numeraire property at times of maximum of the numeraire portfolio. When 
a = 0, the fact that XjX is a nonnegative supermartingale and the optional sampling theorem 
imply that Errj'(X|X) < holds for all stopping times T and all X ^ X. Therefore, the process 
X has a "global" (in time) numeraire property. Furthermore, the supermartingale convergence 
theorem implies that Y\m.i^o^{Xtl Xt) P-a.s. exists for all X ^ X\ therefore, 

(2.1) rx^{X\X) = lim [ ^* I ^* | = lim ( - 1. 

For finite time- horizons, the situation is more complicated for a € (0,1). In Theorem 12.81 we 
shall see that °'X has the numeraire property in for certain stopping times (which include the 
asymptotic case T = oo). However, °X does not have the numeraire property for all finite time- 
horizons, as the Example 12.61 shows . This fact motivates the statement of Theorem 12.41 where it is 
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hinted that portfohos with the numeraire property may depend on the time-horizon — see Remark 
El 

Example 2.6. Fix a G (0,1). Define T := inf{i G (0, oo) | Xt/X^ = a} and observe that Propo- 
sition 11.71 imphes that P[T < oo] = 1 holds. With X"^ denoting the process X stopped at T, 
we have X^ € The numeraire property of X in X ^ "X imphes that E,nT{X\X'^) < for 
aU X € resuhing in the numeraire property of X^ in "A" over the investment period [0,r]. 
Since P["Xt = Xx] = 0, it fohows that "'Xt fails to have the numeraire property in over the 
investment period [0,r]. 

Before abandoning this example, note that if one follows the non-constrained numeraire portfolio 
X up to r, the drawdown constraints will mean that one has to invest all capital in the baseline 
account from time T onwards. It is clear that this strategy will not be long-run optimal. 

We continue with a definition of a class of stopping times which will be important in the sequel. 

Definition 2.7. A stopping time r will be called a time of maximum of X if X-j- = X* holds a.s. 
on the event {r < oo}. 



A couple of remarks are in order. Firstly, from (jl.2p one can immediately see that times of 
maximum of X are also times of maximum of "X for all a € [0, 1). Secondly, the restriction in the 
definition of a time r of maximum of X is only enforced on {r < oo}. Under Assumption 11.21 and 
in view of Theorem lA.H one has Xr = X* = oo holding a.s. on {r = oo}. For this reason, r = oo 
is an important special case of a time of maximum of X. 

The following theorem, the second main result of this section, establishes the numeraire property 
of °'X in "'X over [0, oo] or, more generally, over [0, r] for any time r of maximum of X. We recall 
that °'A: = {'^X \ X £ X}. 

Theorem 2.8. Recall that "X S "'X is defined from X via (|1.2p . Under Assumption ] I.IA for any 
a G [0, 1) and X £ X , we have: 

(1) limf_j.oo("-^t/"-^t) o-S- exists in M+. Moreover, 

(2.2) rr^i^Xm = [hrn^ 1^^) " 1 = (l + rroo(X|X)) - 1. 

(2) For a and r two times of maximum of X with a < t, it a.s. holds that 

(2.3) E \nr{''X\°'X) I T„] < rr<^(°X|°X). 

In particular, letting a = 0, Err^(Z|"X) < holds for any a S [0, 1) and Z € "'X. 

We proceed with several remarks on the implications of Theorem 12.81 the proof of which is given 
in Subsection IA.6I of Appendix Rl 
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Remark 2.9. The existence of the hmit in (j2.ip is guaranteed by the nonnegative supermartingale 
convergence theorem. In contrast, proving that hmt_>oo("^t/"^t) exists a.s. for X £ X and a € 
(0, 1) is more involved, since, in general, the process °fX/"X does not have the supermartingale 
property. In fact, the existence of the latter limit is proved together with the asymptotic relationship 
(|2.2|) . Note, however, that an analogue of the supermartingale property is provided by statement 
(2) of Theorem 12.81 Indeed, (j2.3p implies that, when sampled at an increasing sequence of times 
of maximum of X, the process °'X/"X is a supermartingale along these times for all X £ X . 

Remark 2.10. Given statement (1) of Theorem ESI the fact that Erroo("^|"^) < holds for any 
X £ X and a € [0, 1) is a simple consequence of Jensen's inequality. Indeed, for any X £ X, 

l-a 



< E 



l + rr^{X\X) 



l + n^{X\X) 



l-a 



1 



1 



l + Erroo(X[X)y < 0. 

The full proof of statement (2) of Theorem 12.81 given in Appendix [Aj is more involved. 

Remark 2.11. The fact that rroo("X|"X) = (l + rroo(X|X)) - 1 holds for ah a G [0, 1) can be 
easily seen to imply that |rroo(^-X|^-X)| < |rroo("Ar|"X)| holds whenever 0<a</3<l. In other 
words, using the same generating wealth process X and enforcing harsher drawdown constraints 
reduces the (asymptotic) difference in the performance of the drawdown-constrained process 
against the long-run optimum "X. 

Remark 2.12. Let us consider the hitting times of X, parametrized on the logarithmic scale: 
(2.4) n := inf |i € M+ | Xj = exp(£)| , £ G R+. 

Note that Te is a time of maximum of X. Since times of maximum of X coincide with times of 
maximum of "X for a G [0, 1), n = inf {t G M+ | "X* = exp((l - a)i)} holds for ah a G [0, 1). 
According to Assumption 11.21 IP [t£ < oo] = 1 holds for all £ G M+. 

By Remark 12.51 the log- utility maximisation problem at time T£ for the class "'X is solved by the 
wealth process "X. Moreover, assume that U : M+ i— )■ M U {— oo} is any increasing and concave 
function such that U{x) > —oo for all x G (0, oo). Jensen's inequality implies that 



E [C/("X,,)] < U(E ["Xr,]) < f/(exp((l - a)£)) = E ^7("X,J 



for aU X G ;f . 



It follows that any (and not only the logarithmic) utility maximisation problem at a hitting time 
Ti for the class "'X is solved by the wealth process "X. This is a remarkable fact that is extremely 
robust, since it does not require any modelling assumptions. 
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3. More on Asymptotic Optimality 



3.1. Maximisation of long-term growth. The next theorem is concerne d with the asymptotic 



Krow th-optimahty property of "X in °'X for a G [0,1). It extends the result of (jCvitanic and Karatzasl . 



19941 . Section 7) to a more general setting and with a simpler proof. In the subsequent subsection 
we continue with a considerably finer analysis relating the finite-time and asymptotic optimality 
of "X in "A". 

One of the equivalent conditions to (Al) of Assumption 11.21 is that a market-growth process 
G exists: G is a non- negative and non-decreasing process such that log(A') = G + L for a local 
martingale L; furthermore, Assumption (A2) is equivalent to limt^ooGt = oo; see Theorem lA.ll 
We can use the process G to control the growth rate of any portfolio. 

Theorem 3.1. Under Assumption \1.2l for any Z "X we a.s. have that 

(3.1) limsup logiZt)) < 1 - a = lim f log hXt 

The proof is reported in Subsection I A. 71 in Appendix lAl 

Remark 3.2. Fix a E [0, 1). In the setting of Theorem 13.11 any °X G such that, a.s., 

lim ( -Llogf^ ) ) =0 

also enjoys the asymptotic growth-optimality property in the sense of achieving equality in (|3.1|) . 
As a simple example, letXeX,Ke (0, 1) and X := kX + {1- k)X. Then X* > kX* so that "X > 
a°'X* > a{KX*y~°' = (aK"*^"") °'X* > (q!K^~") °'X and, consequently, °X enjoys the asymptotic 
growth optimality. In contrast, the asymptotic numeraire property is much stronger. Combining 
Theorem 12.81 and Proposition 12.31 it follows that if "A" S "A" is to have the asymptotic numeraire 
property, then the much stronger "asymptotic equivalence" condition limt_>.oo {°'Xt/°'Xt) = 1 has 
to be a.s. valid. We shall see below that this in fact implies the even stronger condition °X = "A. 

3.2. Optimality through sequences of stopping times converging to infinity. By Theorem 
12.81 Erroo(°A|°A) < holds for all X £ X, a result which can be interpreted as long-run numeraire 
optimality property of '^A in However, in effect, this result assumes that the investment 
time-horizon is actually equal to infinity. On both theoretical and practical levels, one may be 
rather interested in considering a sequence of stopping times {Tn)n£N that converge to infinity 
and examine the behaviour of optimal wealth processes (in the numeraire sense) in the limit. 
We present two results in this direction. Proposition 13.31 establishes that the only process in "'X 
possessing the numeraire property along an increasing sequence of stopping times tending to infinity 
is "X. The second result. Theorem 13. 6t is more delicate than Propositio n 13.31 a n d may be regarded 



as a version of so-called turnpike theorems, an appellation coined in iLelandl (jl972l ). While the 



traditional formulation of turnpike theorems involves two investors with long financial planning 
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horizon and similar preferences for large levels of wealth, Theorem 13.61 compares a portfolio having 
the numeraire property for a long, but finite, time-horizon with the corresponding portfolio having 
the asymptotic numeraire property. Loosely speaking, Theorem 13.61 states that, when the time 
horizon T is long, the process that has the numeraire property in "'X for investment over the 
interval [0, T] will be very close initially (in time) to "'X in a very strong sense. 

Proposition 3.3. Under the validity of Assumption suppose that there exist X ^ X and a 
sequence of (possibly infinite-valued) stopping times (T„)„gN with limn_!.oo F" [^n > t] = 1 holding 
for all t e M+, such that liminf„_^oo]ErrT„("X|"X) < 0. Then, °X = "X. 



The proof is given in Subsection IA.8I in Appendix [Al Following the reasoning therein, one can 
also show that if r is a time of maximum of X and ErrT-(°X|"X) < holds for some X X, then 
"X = "X holds identically on the stochastic interval [0, r]. 

In order to state Theor em 13.61 we de fine a strong notion of convergence in the space of semi- 
martingales, introduced in lEmervl (jl979l ). 



Definition 3.4. For a stopping time T, we say that a sequence (^'^)n6N of semimartingales con- 
verges over [0, r] in the Emery topology to another semimartingale ^, and write St- lim^^oo = 
if 



(3.2) 



lim sup 



sup 

te[o,T] 



Jo Jo 



> e 







holds for all e > 0, where Vi denotes the set of all predictable processes r/ with sup^gj^^ |?7f| < 1. 
Furthermore, we say that the sequence ('^")ngN of semimartingales converges locally in the Emery 
topology to another semimartingale and write 5|oc- hnin— s-oo = if St- lim„_j.oo = C holds 
for all a.s. finitely-valued stopping times T. 

Remark 3.5. In the setting of Definition 13.41 assume that (C'^)neN converges locally in the Emery 
topology to ^. By taking r/ = 1 in (j3.2p . we see that 



hm P 

n— >-oo 



sup ler 

te[o,T] 



Ct\>e 







holds for all e > and all a.s. finitely-valued stopping times T. In other words, the sequence 
(^")„gN converges in probability, uniformly on compacts, to ^. 

Theorem 3.6. Suppose that (T„ )„gj^ is a sequence of stopping times such that lim„_j.oo P [Tn >t] = 
1 holds for all t € M+. For each n € N, let "X" E ^X have the numeraire property in "'X for 
investment over the period [0,T„]. Under Assumption \l it holds that 5|oc-lim„_i.oo = °X . 



The proof of Theorem 13.61 is given in Subsection IA.9I of Appendix lAl 
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Remark 3. 7. In the setting of Theorem l3.61 the fact that 5|oc- hm.„_ 



tion 2.9 in 



Kardarai 



" = "X impHes by Proposi- 
holds for ah a.s. finitely- 



(120121 ^ that nm„_,oo F[ °X"-"X]t > e] 

valued stopping times T and e > 0. Writing °X = 1 + /^("Fj, dSt) and "X" = 1 + JqC^H^, dSt) for 
all n € N for appropriate d-dimensional strategies and {°'H"')n£n, we obtain 



lim ] 



T 



'H^-'^Ht, d[S, s]t{m'^-mt 



> e 



0, 



for all a.s. finitely-valued stopping times T and e > 0. The previous relation implies that it is 
not only wealth that converges to the limiting one in each finite time-interval — the corresponding 
employed strategy does so as well. 

Remark 3.8. In the setting of Theorem 13.61 the conclusion is that convergence of "X" to "X holds 
over finite time-intervals that do not depend on n G N. One can ask whether the whole wealth 
process "X" is close to "X over the stochastic interval [0, r„] for each n € N. This is not true in 
general; in Appendix [B] we present an example, valid under all models for which Assumption 11.21 
holds, where the ratio '^XJ^^/"-Xt„ as n — )■ oo oscillates between 1/(2 — a) and oo. Note that the 
example only covers cases where a G (0, 1); if a = 0, "X" = "X always holds for all n G N. 



4. Conclusions 

The numeraire portfolio X, in the global sense of condition (Bl) in Theorem 11.31 exists and is 
unique in a very general modelling set-up. The numeraire property is a strong one and implies 
that X maximises the growth rate as well as the expected logarithmic utility, see Remarks 11.41 
12.51 and Theorem 13. li Many experts on portfolio allocation have argued that it makes it a natural 
choice for a long-run investor. On the other hand, one has to admit that it offers little flexibility 
to control for investor's risk appetites. The literature usually points to expected utility (including 
"quadratic utility" reflecting in some sense Markowitz's mean-variance approach) as a more flexible 
framework. 

However, expected utility maximisation has its inherent problems: its solution typically depends 
on the (arbitrary) choice of a time horizon, the utility function is a theoretical concept hard to 
elucidate and the optimal solution depends in a complex way on the speciflcation of the model and 
the preferences. In this paper we suggest a possible way out of this unsatisfactory situation: we 
propose maximising the growth rate within a restricted class of investment strategies. We only 
consider wealth processes X that satisfy a drawdown constraint: X > aX*, with a G [0, 1) which 
quantifies the investor's attitude against risk. Drawdown constraints are encountered in practice 
and were shown to be an effective and robust way of encoding preferences, at least for long horizons. 
Their drawback lies in the path dependent, non-myopic, nature of the constraint, which renders 
certain features of traditional asset-allocation theory invalid. 
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This paper presented a rather complete investigation of the numeraire property in a drawdown- 
constrained context. First, we gave a new definition based on the expected relative return, which 
extends the numeraire property from a global setting X to any subset of investment strategies. We 
showed that for each time horizon there exists an essentially unique portfolio with the numeraire 
property within the class Moreover, as horizon became distant, these are close, in a very strong 
sense on any fixed time interval to "X, which is the unique portfolio with the asymptotic numeraire 
property. It is defined through an explicit and model-independent Azema~Yor transformation (jl.2p 
from the global numeraire portfolio X and has a natural investment interpretation, see Remark 
11.61 Furthermore, °X has the numeraire property also along an increasing sequence of stopping 
times: the times of maximum of X. However, contrary to the unconstrained case, it does not enjoy 
the numeraire property for all times. This is an important novel feature. 

Appendix A. Proofs 

We start by describing in Subsection lA.ll several useful equivalent formulations of Assumption 
11.21 Thereafter, through the course of Appendix [XJ the validity of Assumption 11.21 is always in 
force. The only exception are Subsection IA.41 where no assumption is made, and Subsection \A.5\ 
where only the condition (Al) of Assumption 11.21 is required. 

A.l. Equivalent conditions to Assumption 11.21 Recall the market specification in Section 
11.11 For i G {1, . . . ,d} write = Sq + + M* for the Doob-Meyer decomposition of S** into a 
continuous finite variation process with Bq = and a local martingale M* with Mq = 0. For 
i € {1, . . . , d} and j G {1, . . . ,d}, [S^, S^] = \M^ , M^] deno t es the covariation process of 5* and . 



The following result follows Theorem 4 of iKardarad (j2010d ) and contains useful equivalent 



conditions to the ones presented in Assumption 11.21 

Theorem A.l. Condition (Al) of Assumption UT^ is equivalent to any of the following: 
(Bl) There exists X £ X such that X/X is a (nonnegative) local martingale for all X £ X. 
(CI) There exists a d- dimensional process p such that B^ = f^'^'j^i pid[S^ , S^]t holds for each 
i £ {1, . . . ,d}. Furthermore, the nonnegative and nondecreasing process 

(App.l) ^■=lf ipt,d[s,s]tpt)^l [ 5; 5] pj/^d[s^ n 

Jo Jo 
is such that P [Gt < oo] = 1 holds for all T € 
Under the validity of any of (Al), (Bl), (CI), and with the above notation, it holds that 

„. d 

(App.2) log(X) = G + L, where L := V] pjdM^ 

^0 ~1 



i=l 



Furthermore, under the validity of any of the equivalent (Al), (Bl), (CI), condition (A2) of 
Assumption \1.2\ is equivalent to any of the following: 
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(B2) P[limt^oo^t =00] = 1. 

(C2) P[Goo = 00] = 1, where G^o ■= t Gf 

Proof. The fact that the three condition s (Al) , (Bl) and (CI) are equivalent, as well as the validity 



of ( |App.2D , can be found in (jKardarad . l2010d . Theorem 4). Now, assume any of the equivalent 
conditions (Al), (Bl) or (CI). Clearly, (B2) implies (A2). On the other hand, suppose that there 
exists X £ X such that P [lim(_>,oo Xt = 00] = 1. The nonnegative supermartingale theorem implies 
that limf_>>oo {Xt/Xt) P-a.s. exists in M_|_, which implies that P[limt_j.oo Xt = 00] = 1 holds as well. 
Therefore, (A2) implies (B2). Continuing, note that ( |App.2p implies that 



[L,L]= / {pt,d[M,M]tpt)= / {pt,d[S,S]tpt) = 2G. 
Jo Jo 

In view of the celebrated result of Dambis, Dubins and Schwarz — see Theorem 3.4.6 in 



Karatzas and Shreve 



1991 



) — there exists a standard Brownian motion (3 (in a potentially enlarged probability space, 
and the Brownian motion property of /3 is with respect to its own natural filtration) such that 
Lt = l32Gt holds for t G M+. It follows that log{Xt) = Gt + hct Isolds for t G M+. Therefore, 
on {Goo < 00}, Ymit^oaXt a.s. exists and is R+-valued. On the other hand, the strong law of 
large numbers for Brownian motion implies that on {Goo = 00}, lim(_j,oo (log (yXt)/Gt) = 1 a.s. 
holds, which in turn implies that lim(_>>oo Xt = 00 a.s. holds. The previous facts imply the a.s. 
set-equality {Goo = 00} = {\\m.t-^aoXt = 00}, which establishes the equivalence of conditions (B2) 
and (C2) and completes the proof. □ 

Remark A.2. In Ito process models, it holds that = Jq Slbldt and M' = Jq SI ^Jl^ a'/ dW^ 
for i G {1, . . . , d}, where b = (6^, . . . , b"^) is the predictable d-dimensional vector of excess rates 
of return, {W^, . . . , W"^) is an m-dimensional standard Brownian motion, and we write c = aa~^ 
for the predictable d x d matrix- valued process of local covariances. According to Theorem lA.H 
condition (Al) of Assumption 1 1 . 2 1 is equivalent to the fact that there exists a d-dimensional process 
p such that cp = b, in which case we write p = c^b where is the Moore- Penrose pseudo- inverse 
of c, and that G := (1/2) Jq(6(, c|6t)dt = (1/2) fQ{pt,ctpt)dt is an a.s. finitely-valued process. 
Observe that the process G is half of the integrated squared risk-premium in the market. 

A. 2. Proof of Proposition [TTSl Since {"X \ X G X} C "X has already been established, we only 
need to show that C {°X \ X G X} also holds. Pick any x € and define 

i — a 1 — a 1 — a 

The fact that x/x* ^ implies that X > 0. Furthermore, and since I|^j<^*}dxj = a.s. 
holds, a use of Ito's formula gives 



X = l + 



1 ( *)a/(l-a)^^^^ 

I — a 
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which imphes that X & X. Finally using the fact that x ^ have the same times of maximum — 
which implies, in particular, that x* = — it is straightforward to check that x = 

Therefore, "'X C {"X | X G X} and the proof of Proposition 11.51 is complete. 



A. 3. Proof of Proposition [TTl Since = a + (1 - a){X/X*) holds in view of ([MD, we 

only need to establish that = iimmit-^ooi^t/X^) < \iinsupf._^^{Xt / X*) = 1. The fact that 
limsupi^^{Xt / X^) = 1 follows directly from limt-).oo = oo. On the other hand, the fact that 
lim inf t_j.oo (^t /^i* ) = follows immediately from the next result (which is stated separately as it 
is also used on another occasion) and the martingale version of the Borel-Cantelli lemma. 

Lemma A. 3. Let a be a stopping time with ¥[a < oo] = 1. For a S (0, 1) define the stopping time 
T := inf {t G {a, oo) | Xt/X^ < a}. Then P [T < oo] = 1. 



Proof. Recall that limt^oo ^ 
Schwarz — Theorem 3.4.6 in 



oo holds by Theor e mlA.il Using the result of Dambis, Dubins and 



Karatzas and Shrevd (|l99ll ) — and a time-change argument, ( |App.2 ) 
implies that we can assume without loss of generality that X satisfies Xt = exp {t/2 + /3t) for t G 
M+, where /3 is a standard Brownian motion. Furthermore, using again the fact that limj_!.oo Xt = 
oo, we may assume without loss of generality that o" is a time of maximum of X . Then, the 
independent increments property of Brownian motion implies that we can additionally assume 
without loss of generality that a = 0. Set (Tq = and, via induction, for each n G N set 



inf |t G (cJn-i, oo) I Xt = eX„^_-^ | , and r„ = inf |t G ((J„„i, oo) j Xt/Xt = a| . 



With r = Ti, we wish to show that IP \T <z oo] — 1. For each tt. G M define the event '. — 
{Tn < (Tn}. Note that P [An I J^a„-i] = P [^i] holds for all ?i G N in view of the regenerating 
property of Brownian motion and the fact that each (T„_i, n G N, is a time of maximum of X. 
Since limsup„_^oo An ^ {T < oo}, the martingale version of the Borel-Cantelli lemma implies that 
P[T < oo] = 1 will be established as long as we can show that P[Ti < ai] = ¥[Ai] > 0. 
Since I^^^^j^,ydX^ = a.s. holds, Ito's formula implies that 



X* 
X 



1 + 



x;d 



+ \ogiX*). 



Both processes X* / X and log(X*) are bounded on the stochastic interval [0, cii A Ti] — therefore, 
since P [fxi < oo] = 1 and Jq Xj*d(l/Xt) is a local martingale (by Assumption 11.21 and the fact that 
1 G A"), a localisation argument gives 



ki < Ti] + -P [Ti < cTi] 
a 



E 



1 +E 



log(X, 



which gives P [Ti < cxi] > a > and completes the proof of Lemma |A.3[ 



> 1 + P [ai < Ti] , 



□ 
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A. 4. Proof of Proposition 12.31 To begin with, note that 

1 + nT{X\X') = hmsup ( ^) > fhmsup ( ^)) 

t~^oo V-^TAt/ V t^oo \XTf\tJ J 

with equahty holding on {T < oo}. Continuing, we obtain 



1 + nxiX'lX)' 



nT{X\X') + nT{X'\X) > - 1 + ^rT{X'\X) - '^^^iX'lXf 



l + rrTiX'\X) ' I ^ l + nriX'lX)' 

Upon interchanging the roles of X and X' , we also obtain the corresponding inequality rrT{X\X')-\- 
nriX'lX) > nT{X\X'f / {I + nT{X\X'))- therefore, 

(App.3) nriX\X') + nriX'\X) > ^ ''^^""'^^L, V ^^^^^1^')' 



l + rrr(X'|X) l + nT{X\X') 

It immediately follows that nT{X'\X) + rrT{X\X') > 0. Therefore, by ( [App.Sp , the conditions 
EnT{X'\X) < and ]KrrT{X\X') < are equivalent toF[nT{X\X') = = nT{X'\X)] = 1, which 
is in turn equivalent to P [lim(_i,oo {Xtai/ X^^^) = !] = !. 

A. 5. Proof of Theorem 12.41 For the purposes of Subsection IA.51 only condition (Al) of As- 
sumption [L2] is in force. Fix an a.s. finitely- valued stopping time T throughout. As the result of 
Theorem 12.41 for the case a = is known, we tacitly assume that a G (0, 1) throughout. 

A.5.1. Existence. We shall first prove existence of a process with the numeraire property in "'X for 
investment over the period [0,T]. As T is a.s. finitely- valued, without loss of generality we shall 
assume that all processes that appear below are constant after time T, and their value after time 
T is equal to their value at time T. In particular, the limiting value of a process for time tending 
to infinity exists and is equal to its value at time T. 

Define X° as the class of all nonnegative cadlag processes Y with Yq < 1 and with the property 
that YX is a supermartingale for all X X. Note that (l/X) € In a similar way, define X°° 
as the class of all nonnegative cadlag processes x with xo ^ 1 ^-nd with the property that that Yx 
is a supermartingale for all Y € X°. It is clear that X C X°°. The next result reveals the exact 
structure of X°°. 



Theo rem A. 4 (Optional Decomposition Theorem lFollmer and Kramkovl (jl997l ). IStricker and Yan 



19981 )). The class X°° consists exactly of all processes x of the form x = -^(1 ~ ^); where X G X 



and A is an adapted, nonnegative and nondecreasing cadlag process with < yl < 1. 

The result that follows enables one to construct a process that will be a candidate to have the 
numeraire property in "X for investment over the interval [0,T]. 

Lemma A.S. For any a G [0,l)and t € [0, oo], the set {Zt \ Z € is convex and bounded in 
T-measure, the latter meaning that lim/<_>oo sup^go^ IP" [■^t > -f^] = 0. 
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Proof. Fix Q e [0, 1). Let A € [0, 1] and pick processes X G X and X' G X. Since X is convex, 
((1 - A)"X + A"X') € A". Furthermore, since 

a((l - A)°X + A"X')* < (1 - A)a"X* + Aa("A:')* < a((l - A)"A: + A°X'), 

we obtain ((1 - A)°X + A'^X') G which shows that "Af is convex for ah a € [0, 1). 

Furthermore, it holds that supxg;^^ E [XooZ-'^oo] < 1 and, using Markov's inequahty, we see that 
{Xoo/Xoo I X G X} is bounded in P-measure. Since P[Xoo > 0] = 1, the set {Xoo | X G X} is 
bounded in P-measure; the same is then true for {"'Xt \ X e X} {Xt \ X £ X} Q {Xoo \ X £ X} 
for any value of t G [0, oo]. □ 



Kardaras 



In th e sequel, fix a G (0,1). In view of Lemma IA.5I above and Theorem 1.1(4) in 
(|2010a ). there exists a random variable Xoo in the closure in P-measure of {X^o \ X G '^X} such 
that E [Xoo/Xoo] < 1 holds for all X G ° 'X. Define the countable set T = ifc /2" | A; G N, m G N}. A 
repeated application of Lemma Al.l in Delbaen and SchachermaveJ (1994) combined with Lemma 



lA.SI and a diagonalisation argument implies that one can find an ",^-valued sequence (X")„gN such 
that Xoo = linin-j-oo and lim„_>,oo X^ a.s. exists simultaneously for all t G T. Define then 
Xt = limn->oo for all t G T. Since T is a.s. finitely-valued and all processes are constant after 
T, it is straightforward that Xoo = liiiit-i.oo Xt a.s. 

Since E[ytXf | Ts] < YsX^ holds for ah n £ Y e X° , t e T and s £ T n [0, t], the conditional 
version of Fatou's lemma gives that E[l(Xf I J's] ^ holds for all Y G X° , t G T and s G 

T n [0,t]. In particular, with Y := 1/X G X°, the process {YtXt)teT is a supermartingale in 
the corresponding stochastic basis with time-index T. Since P[inf3gjo,t] ^ > 0] = 1 holds for all 
t G M+, the supermartingale convergence theorem implies that there exists a nonnegative cadlag 
process x such tha10 Xs = hniTgfj^s holds for all s G M+. (The notation ^^limi^tUs" denotes 
limit along times t G T that are strictly greater than s G M_|_ and converge to s.) The fact that 
E[YtXt I J's] < YsXs holds for all F G t G T and s G T n [0,t], right-continuity of the filtration 
{J-t)teR^ and the conditional version of Fatou's lemma give that E[l(Xt I J~s] ^ YgXs holds for all 
Y £ X° , t £ M+ and s G [0, t]. Therefore, x ^ X°°. Of course, Xoo = Xoo = hnit-j-oo Xt a-S- holds. In 
view of Theorem lA. 41 it holds that x = X(l — A), where X £ X and A is an adapted, nonnegative 
and nondecreasing cadlag process with < A < 1. Furthermore, note that E[Xoo/Xoo] < 1 holds 
for all X G^'X. 

Continuing, we shall show that ^ = and x(= ^) ^ If (^")neN is the "A'-valued sequence 
such that Xt = liiiin-5.00 holds a.s. simultaneously for all t G T, we have that X" > aX^ a.s. 
holds for all t G T and s G Tn [0, t]. By passing to the limit, and using the fact that T is countable. 



'''Note that x is indeed the hmit of (X"')„gN in the "Fatou" sense. Fat ou-conversence has pr o ved t o 
be extremely useful in the theory of Mathematical Finance; for example, see iFolImer and Kramkovl (| 19971 ) . 



Kramkov and Schachermaven (|l999l ) and IZitkoyid l|2002f) 
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we obtain that xt ^ OiXs holds a.s. simultaneously for all t € T and s € T n [0, t]. Therefore, 
Xt ^ OiXs holds a.s. simultaneously for all t G M4. and s € [0, t] . Then, 

Xt = > > = 

l-At-l-A,-l-A, 

holds a.s. simultaneously for all t € IR+ and s € [0,t]. It follows that X € "A". This implies, 
in particular, that E[Xoo/Xoo] < 1 has to hold. Since Xoo/Xoo = 1/(1 — ^00) > 1, we obtain 
P[Aoo = 0] = 1, i.e., ^ = 0. Therefore, x = X and ¥.[Xoo/X^\ < 1 holds for all X G "X, which 
concludes the proof of existence of a wealth process that possesses the numeraire property in "Af 
for investment over [0,T]. 

A. 5. 2. Uniqueness. We proceed in establishing uniqueness of a process with the numeraire property 
in for investment over the period [0,T]. We start by stating and proving a result that will be 
used again later. 

Lemma A. 6. Let Z G "X, and let a be a stopping time such that Z„ = Z* a.s. holds on {a < 00}. 
Fix X £ '^X and A £ and define a new procesJ^ ^ := -^Ip.o-I + {Zln\A + [Za/ X^) XIa)I[o-,oo[- 
Then, e G "A". 

Proof. It is straightforward to check that ^ £ X . To see that ^ G "<Y, note that ^/^* = ZjZ* > a 
holds on |0, crfU (fcr, oo|n(rJ \ A)), while, using the fact that ^* = Z* = Za- holds a.s. on {a < 00}, 

^ X X 

— = — > — > a, holds on |c7, (X)|n^. 

? suptg[^ .] Xt X* 

The result immediately follows. □ 

Remark A.7. As can be seen via the use of simple counter-examples, if one drops the assumption 
that (T is a time of maximum of Z in the statement of Lemma IA.6|, the resulting process ^ may 
fail to satisfy the drawdown constraints. This is in direct contrast with the non-constrained case 
a = 0, where any stopping time a will result in ^ being an element of X. It is exactly this fact, a 
consequence of the non-myopic structure of the drawdown constraints, which results in portfolios 
with the numeraire property that depend on the investment horizon. 

Lemma A.S. Let Z £°^X be such that Errr(X|Z) < holds for all X G "X, and suppose that a 
is a stopping time such that Zfj = Z* a.s. holds on {a < 00}. Then, 



E 



Xj' 
Zf 



TAcr 



< '^^'^ holds a.s. for all X £°'X. 



Note that, since we tacitly assume that a £ (0, 1), > a.s. holds on {a < 00}. Therefore, the process ^ is 
well-defined. 
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Proof. Fix X £ "'X and A € T^- Define the process ^ := ^I[o,o-[ + {ZIn\A + (Za/Xu) XIa)II[o-,oo[; 
by Lemma \A.6\ ^ € Furthermore, it is straightforward to check that 



Therefore, the fact that Err'r(^|Z) < holds imphes 



E 



<P[^n{fj<T}]. 



As the previous is true for ah A € Jv, we obtain that EIXt/Zt j J-^] < X^/Za- holds a.s. on 
{a < T} for aU X e '^X. Combined with the fact that E [Xt/Zt \ -Ft] = Xt/Zt trivially holds 
a.s. on {a > T} for all X € '^X, we obtain the result. □ 

We now proceed to the actual proof of uniqueness. Assume that both Z £ °'X and X "'X 
have the numeraire property in "A" for investment over [0, T]. Since P [T < oo] = 1, Proposition 12.31 
implies that P[Xt = Zt] = 1- We shall show below that Z < X holds on [0,T]. Interchanging the 
roles of X and Z, it will also follow that X < Z holds on [0,T], which will establish that X = Z 
holds on [0, T] and will complete the proof of Theorem 12. 4[ 

Since F[Xt = Zt] = I and EnT{X\Z) < holds for all X G '^Af, Lemma |X8] above imphes that 
1 = K[Xt/Zt I J^TAa] < Xtact/ Ztact ^-s- holds whenever o" is a stopping time such that Za- = Z* 
a.s. holds on {a < oo}. The fact that Ztao- !^ Xta<t a.s. holds whenever u is a stopping time 
such that Z„ = Z* a.s. holds on {a < oo} implies in a straightforward way that Z* < X* holds on 
[0,T]. 

We now claim that P[Zr = X^] = 1 combined with Z* < X* holding on [0,T] imply that 
Z < X on [0, T], which will complete the proof. To see the last claim, for e > define the stopping 
time 

T, := inf |t G IR+ I > (1 + e)Xt^ . 

We shall show that P [T^ < T] = 0; as this will hold for all e > 0, it will follow that Z < X holds 
on [0, T]. Define a new process X'' via 

X^ = ZI[o^T4 + ^I[Tsoo[ = ^I[o,r4 + (1 + e) ^I[tsoo[- 

We first show that X^ e^'X. The fact that X £ X is obvious. Note also that X^ > a{X^)* clearly 
holds on [0,T^[[, since Z € °'X. On the other hand, 



(X^)* = (ZtO* V sup (1 + €)Xt < (1 + e)X; holds for t > 

the latter inequality holding in view of the fact that Z* < X*. Therefore, for t > T*^ it holds that 
X^ = (1 + e)Xt > (1 + e)aX; > a{X')l. It follows that X' > a{X')* also holds on oo[, which 
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shows that X' G ";f . Note that 

= Zx^^rp^rp^y + (1 + ejXjr^^T^^x} — ^T^{T<T^} + (1 + ^)-^T^{T^<T}^ 

which imphes that X^/Xx = 1 + el^x^^x} and, as a consequence, Errx{X''\X) = eP [T*^ < T]. 
In case P [T*^ < T] > 0, it would follow that X fails to have the numeraire property in "X for 
investment in [0, T]. Therefore, P [T*^ <T] = 0, which implies that Z < X holds on [0,T], as 
already mentioned. The proof of Theorem 12.41 is complete. 

A. 6. Proof of Theorem 12.81 The main tool towards proving assertion (1) of Theorem 12.81 is the 
following auxiliary result. 

Lemma A. 9. For any X ^ X , \\m.t^^{X^ / X^) a.s. exists. Moreover, it a.s. holds that 



hm [S- 

\x* 



lim ( -J- 



Proof. For t G M+, define the [0, t]-valued random time pt ■= sup{s G [0,t] \ Xs = X*}; then, 
X^ = X^^. Note that P [t limt^ao Pt = oo] = 1 holds in view of Assumption 11.21 It follows that, 
for any X X, it a.s. holds that 



(App.4) 



liminf ( 

\xr 



lim inf 



xi 

X* 

V Pt . 



> liminf 

t— >oo 



X 



pt 



lim I 



pt 



In what follows, fix X G X. For t G define pt 
is a [0,t]-valued random time. For each t G M+, X^ 
{t limt^oo Pi < oo} C {suptgR^ < oo} C {rroo(X|X) : 
of Assumption II. 2i Therefore, 



(App.5) 

Furthermore, 
(App.6) 

lim sup [ 

t-^oo \ XT 



lim ( ^ 

\Xt 



lim 



X^ 



J i^'^KXt. 

= sup{s G [0,t] I Xs = X*}, which 
Xp^. Note that the set-inclusions 
— 1} are valid a.s., the last in view 

holds on < lim pt < oo> . 



X 



lim sup I I < lim sup I 



X, 



pt 



lim ( 



x: 



X, 



Pt . 



holds on \ lim pt = oo \ . 



The claim now readily follows from ( |App.4p , ( [App.Sp , and (App.6). 



□ 



Proof of Theorem \2.8l statement (1). In the sequel, fix X G and assume that a G (0, 1). Results 
for the case a = are well-understood and not discussed. 

To ease notation, let D := X/X* and D := X/X*. The process D is [0, l]-valued and D is 
(0, l]-valued. Observe that 



""X _ a{X*y-'^ + a{X*yX 
°X ~ a(X*)i-" + a{X*)~^X 



X* 
X* 



a + (1 - a)D 
a + (1 - a)D 
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In view of LemmaEjl limt^oo(^tV^t*)^~" = (1 + rroo(XjX))i-" holds. Firstly, the fact that 

a + (1 - a)D ^ 1 
a + (1 - a)D ~ a 

implies that °'X/°'X < (l/a)(X*/^*)^"", which readily gives ([22]) on {rroo(^l^) = -1}. Further- 
more, the facts that 0<D<1, 0<L'<1 and limt^ooiDt / Dt) = 1, the latter holding a.s. on 
{rroo(^l^) > —1} in view of Lemma [A.gi imply that 



lim sup 



a + (1 - a)Dt 



a + (1 - a)Dt 



< 



I — a 



a 



limsup \Dt -Dt\ = holds on \noc{X\X) > -l| . 



Therefore, limt^oo("^t/"^t) = (1 + noo{X\X)y''^ also holds on the event {rroo(X|X) > -1} 



which completes the proof of statement (1) of Theorem [27 



□ 



Proof of Theorem \2.8l statement (2). Let r be a time of maximum of X. Recall the definition of 
the stopping times {t()ii^^^ from (I2.4p . Li view of statement (1) of Theorem I2.8[ 



(App.7) 



lim 



7-00 \ aY 



a.s. holds. Now, observe that r A is a time of maximum of X for each £ € R_|_; therefore. 



\l-a 



(App.8) 



av 



Are; 



a 



. It then follows that 



^tAti 



1-a 



ATI 



X. 



+ (l-a) 



X. 



tAti 



Y^ 

^tAti 



tAti , 



X. 



tAti 



X. 



tAti . 



Define x •= X/X and, in the obvious way, x* ■= ^^Pte[o,-]i-Xt/ Xt). For y G M_|_, the function 
[y, oo) 9 z I— > az^~°' + {l — a)yz~'^ is nondecr easing, which can be shown upon simple differentiation. 

With y = XtAti, Zl = X*^^JX*^^^ = X^^JXrAr^ > y and Z2 = XtAt, ^ ^rAr,/^^Arf = ^1, 

(App.8) then implies that 



tAti 



< a 



{x*rAr,) ° + (1 - a)XrAr, (XrArJ ^ • 



tAt£ 



Define the process 



a { 



(x*)^ " + (1 — a)x (x*) "'i then, by the last estimate and ( |App.7[ ), 



rr,rX|°X) <liminf(<^,Ar,)-l. 
Since ^{xt<Xt}^Xt ~ ^ ^^^^^^^ ^ straightforward use of Ito's formula gives 

= (l-a)(xD""dxt; 
Jo 

since x is a local martingale, (p is a local martingale as well. Since (f) is nonnegative, it is a 
supermartingale with (po = 1, which implies that E [(/>TATf] ^ 1 holds for all I € M_|_. It follows that 



< E 



liminf ((/)^ArJ 

£—^oo 



1 <liminf (E [(/).ArJ)-l <0, 
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Now, let o" be a time of maximum of X with a < t. Fix X ^ X and A € Jv; by Lemma lA. 61 
the process ^ := "^I[o,^[ + ("^If^\^ + Ia)\,oo[ is an element of ''X. Furthermore, it 

is straightforward to check that 

\l + rr^("X|"X) y 
Since ErrT-(^|"X) < has to hold by the result previously established, we obtain 

1 + rr^("X|"X) 



E 



'^An{(T<oo} 



< P[An {cj < oo}]. 



1 + rr„(°Xj"X) 

Since the previous holds for all ^ G Jv, we obtain that E[rrT-("X|"X) | Jv] < rr fj{°'X\°'X) holds 
on {cr < oo}. On {cr = oo}, we have = r and E[rr^(°X|"X) | T^] = rroo("X|"X) = rr^("X|"X). 
Therefore, E[rr^("X|"X) | F„] < rr^(°X|"X) holds. □ 

A. 7. Proof of Theorem 13.11 The fact that limt_^oo ^log(Xt)/Gj^ = 1 holds on the event 
{Goo = co} was established in the proof of Theorem lA.il Again, in view of Theorem lA.H condition 
(A2) of Assumption 1 1 . 2 1 is equivalent to P [Goo = oo] = 1; therefore, a.s., 

li^(^log(l.))=l. 

Observe that by concavity of the function ]R_(_ 9 a; i— )• "X > X^~°' holds. Combining this 

with the above yields, a.s., 

liminf f-^logrXj)) >l-a. 

On the other hand, since G is nondecreasing and "X achieves maximum values at the times {Ti)i^^_^ 
of (12^ . it holds a.s. that 

limsup ( log(°Xt) ) = limsup ( \og(°'Xr, 

t-s>oo VCxt / £^oO \^TC 

= (1 — a) limsup I — — 
= (1 - a) limsup (-^\og{Xr^) ] = I - a. 



It follows that, a.s.. 



lim ( -Liog(-l,)) = l-a. 



Fix Z G "X. The full result of Theorem 13.11 now follows immediately upon noticing that, a.s., 

limsup (-^ log (^)) <0, 

t^oo \Gt \^XtJ J 

which is valid in view of the facts that P[Goo = ] = 1 and P[rroo(2'|°X) < oo] = 1, the latter 
following from the inequality Erroo(-Z^|"^) < 0, which was established in Theorem [ 
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A. 8. Proof of Proposition 13.31 Upon passing to a subsequence of (T„)„gN if necessary, we 
may assume witliout loss of generality that P [lim„_!.oo = oo] = 1. Then, by Theorem 
limt^.oo ["'Xt/'^Xt) exists a.s. in (0,oo] and a use of Fatou's lemma gives 



E 



lim I — - 



E 



lim inf 

n— >cxD 



< lim inf 



E 



1 + liminfErrT„(°%|°X) < 1. 



Since we have both E[limt_,oo {°'Xt/°'Xt)] < 1 and E[limt^oo {"'Xt/°'Xt)] < 1 holding, Jensen's 
inequality implies that lim(_j.oo {"Xtf^Xt) = 1 a.s. holds. By Theorem 12.81 liiiif->.oo {Xt/Xt) = 1 
a.s. holds. This fact, combined with the conditional form of Fatou's lemma and the supermartingale 
property of X/X gives Xt/Xt > 1 a.s. for each t € M+. Combined with E[Xj/X(] < 1, this gives 
Xt = Xt a.s. for all t G M+. The path-continuity of the process X/X implies that X = X, i.e., 
that °X = "X. 



A. 9. Proof of Theorem l3.6l In the setting of Definition [331 consider a sequence (C'^)neN of semi- 
martingales and another semimartingale It is straightforward to check that 5|oc- lini„_s.oo ^'^ = £, 
holds if and only if there exists a nondecreasing sequence {Tk)ke'N of finitely-valued stopping times 
with P [limfc_>oo ■^fc = co] = 1 such that 5t-j.- lim„_>.oo = C holds for all G N. For the proof of 
Theorem 13.61 we shall use the previous observation along the sequence (T£)£gp^ of finitely-valued 
stopping times defined in (12. 4p . Therefore, in the course of the proof, we keep £ € M_|_ fixed and 
will show that Sr,- lim„_^oo "'X'' = 

As a first step, we shall show that F-limn^oo°'XJ/^ = "'Xt^, where "P-lim" denotes limit in 



probability. For each n G N, consider the process i^'' 



+ °X.4"XV"X;'J By 



Lemma lA. 61 G '^X for all n G N. Furthermore, note that 



Using the previous relationship, the assumptions of Theorem 13.61 give KrrT„ATi{°'X\°'X^) < for 
all n G N. Furthermore, by Theorem ESI Err^^(°X"|"X) < holds for all n G N. There- 
fore, E[rrT„Ar,(°^r-X''') + rr^^(°X"|°X)] < holds for all n G N. Observe that the equality 
rrT„Ar,(°XrX") + nr,{"X^m = {''X^^ - "X,jV("^r,"^;;) holds on {n < T„}, and that the in- 
equality rrr„Ar,("^r-?") + rr^^("X"i°X) > -2 is always true; therefore. 



nT„Ar,rxrx^) + nr.rx^x) > 



°'X "X " 



{rf<T„} 
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Since E[rrT„AT,("^r^") + rr^^("X"|"X)] < holds for all ?i G N and lim„_ 
in view of Theorem lA.ll we obtain that 

(axn 



{Tn<Te}- 

Tn < Tf] = holds 



lim E 

n— >oo 



ay ayn 



{rf<T„} 



0. 



Using again the fact that lim„_>.oo P [t^ < T^] = 1, we obtain that P- lim„_ 



ayn 

>0O 
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Given P- lim„_j.oo "X"^ = "X^-^, we now proceed in showing that P- hm„_>.oo (^"^ /^n. ) = 1- We 
use some arguments similar to the first part of the proof of statement (2) of Theorem 12.81 where 
the reader is referred to for certain details that are omitted here. Define x" •= X^' /X and 
(yiy ■- supfg[o,](X4"/lt). It then follows that 



(App.9) 



where the process 



<«((x%)'-" + (i 



a ((x")*)^ " + (1 — a)x"' ((x")*) " is a nonnegative local martingale for 



el > liminf.„_ 



XirXl>l-e 



1 holds 



holds, in the sense that lim inf^_>oo 

for all e G (0,1). Then, given that P- lim inf „^oo '/'"^ ^ 1) if hnisup, 
true, one would conclude that limsup^^goE > 1, which contradicts the fact that E [(p'^^] < 



> 1 + ej > was 



1 holds for all n € N. Therefore, lim sup„_^gj3 ¥[<l)^^> 1 + e] = holds for ah e € (0, 1), which 

1. To recapitulate, the setting is the 



combined with P-liminf^ 



> 1 gives P-lim^ 



6" 



following: ((^")„gN is a sequence of no nnegative 



o cal m artingales with 



1 , and P- lim, 



KardarasI ()2012l ) implies that P-lim^ 



1 holds as 



■ lim„_j.oo(x")T£ = 1 holds as well. Then, the bounds 



1 holds. In that case, Lemma 2.11 in 
well. Note that = ((x")*)^~°, so that 

in ( App.9 ) imply tha^t ]P-lini^_^QQ 

Once again, we are in the following setting: (x")nGN is a sequence of nonnegative local martin- 
ga les with = 1 , and P- lim„_j.oo Xr^ = 1 holds. An application of Proposition 2.7 and Lemma 2.12 



in iKardarasI (j2012l ) gives that S^- li m„ 



1, which also implies that 5,-^- lim„_j.oo 

X" = X by 



Proposition 2.10 in Kardaras ( 2012 ). This implies that lim„^oo IP[sup^g[o,r(.] \ ( X"')t — X 



> € 







also holds for all e > by Remark 13.51 Therefore, by ()1.3p and Lemma 2.9 in iKardarad (j2012l ). we 

X, which completes the proof of Theorem! 



obtain that 5^-^- lim„^oo 



Appendix B. A Cautionary Note Regarding Theorem 13.61 



In this Section, we elaborate on the point that is made in Remark 13.81 via use of an example. 
In the discussion that follows, fix a G (0, 1). The model is the general one described in Subsection 
II. H and Assumption 11.21 is always in force. 

Let Ti/2 = and, using induction, for n E N define 



mf{t G (r„„i/2,oo) I Xt = aX^}, T, 



n+l/2 



inf{t G (r„,oo) I Xt = X^J. 



(In the setting of Example 12. 6| T there is exactly Ti defined above.) Note the following: Tn-1/2 is a 
time of maximum of X for all n G N, (Tfc/2)fcGN is an increasing sequence, and P [lim^^oo 7n = 00] = 
1 holds. Under Assumption II. 2| Lemma lA.31 implies that P [T„ < 00] = 1 for all n G N. 

For each n G N, one can explicitly describe the wealth process "X" that has the numeraire 
property in the class for investment over the interval [0, T^]. In words, "X" will follow "X until 
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time T'«_i/2) then switch to investing hke the numeraire portfoho X up to time T„ and, since at 
time Tn one hits the hard drawdown constraint, "X" will remain constant from onwards. In 
mathematical terms, define 



+ 



orv' 



n-1/2 



XI 



IT, 



-1/2 



At 



n-l/2 



Xj' 



n-1/2 



where for the equality in the second line the facts that °Xr„_i/2 ~ i-^T^-i/i) ^'^'^ -^T,, 
were used. It is straightforward to check that "X S '^X, in view of the definition of the stopping 
times (Tfc/2)fcGN- Pick any X ^ X. The global (in time) numeraire property of X in A:" will give 



E 



3^ 

->- n 



1 



n-1/2 



< 



n-1/2 



avn 



1 



71-1/2 



-1/2 



Ann 



1. 



-1/2 



Upon taking expectation on both sides of the previous inequality, we obtain 'E,rr'r„{^X\^X'^') < 
ErrT^_^^2 ("-^1°-^") — 0) the last inequality holding in view of statement (2) of Theorem 12.81 given 
that is a time of maximum of X. We have shown that '^X"' indeed has the numeraire 

property in the class "X for investment over the interval [0,T„]. 

Note that "X" = "'X identically holds in the stochastic interval [0,T„_i/2] foi' each n G N; 
therefore, the conclusion of Theorem 13.61 in this case is valid in a quite strong sense. However, 
the behaviour of "X"- and °'X in the stochastic interval [Tn-.i/2,Tn] is different and results in quite 
diverse outcomes at time T„, as we shall now show. At time T„ one has 



= a(X^J'-" + (1 - a)(X|7j-°XT„ = a(2 - a){X^^ 



where the fact that Xt„ 
follows that 



ctX^^ was again used. Furthermore, °'X^^ = {Xt^^-^^,^) '^^-^Tn' then 



{Xj 



-1/2 



■°'aX* 

J- n 



1 



X 



Tn 



°Xt„ a{2 - a)(X 
In view of Assumption 11.2 



\l—a 



a 



Xx 



--■■Cn- 



Tn' V-'7i-l/2. 

and the result of Dambis, Dubins and Schwarz — see Theorem 3.4.6 in 
Karatzas and Shrevd (jl99ll ) — the law of the random variable Cn. is the same for all n € N. In fact, 
universal distributional properties of the maximum of a non-n egative local martingale stopped at 



first hitting time — see Proposition 4.3 in iCarraro et al.l n^Uijj — nnpiy tnat (,„ = ['Z — a) 
(1 — q) (1/77„))", where rjn has the uniform law on (0, 1). In particular, P[C„ < (2 — a)~^ + e] > 
and P[Cn > (2 — a)~^ + > holds for all e G (0,1). Furthermore, Cn is -measurable 
and independent of J^t„_j^/2 — -^T^ 



for each n € N, which implies that (Cn)r!.6N is a sequence 
of independent and identically distributed random variables. By an application of the second 
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Borel-Cantelli lemma, it follows that 

1 /"IZ^ \ /"X" \ 
= liminf ^ " < limsup ^ " = oo, 

2 -a n^co \aXrp^ I n-foo \°'Xt„ J 

demonstrating the claim made at Remark [57 
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